Alexander (2002)(2003)(2004)(2005), Book 1, p. 365)
Introduction
Geographic representation or representing the Earth's surface constitutes one of the main research areas in geographic information systems (GIS) and science. Existing geographic representations, such as raster and vector, are essentially geometry-based because of involved locations, directions, and sizes. These representations are mainly driven by a static map metaphor (Yuan et al. 2005, Goodchild, Yuan and Cova 2007) for representing and characterizing the Earth's surface. They can be used to measure things and to assess the relationship of things at local scales, such as spatial dependence. However, things are not measurable, or measurement depends on the measuring scales because of the fractal nature of geographic phenomena (e.g., Goodchild and Mark 1984 , Batty and Longley 1994 , Chen 2011 . Spatial dependence is just one of two spatial properties. The other is spatial heterogeneity across all scales. Geometry-based representations fail to capture the spatial property of heterogeneity across all scales (Jiang, Zhao and Yin 2008) . To better understand geographic forms or cities' structure, we must rely on topology-based representations, e.g., the topological representation of named or natural streets Claramunt 2004, Jiang, Zhao and Yin 2008) . This paper develops another topological representation that views cities as a whole. We refer to topology as an instrument that enables us to see the underlying spatial heterogeneity, or scaling property of far more small things than large ones. The topology used in GIS, however, is essentially geometry-based, referring to adjacent relationships of basic geometric elements such as points, lines, polygons and pixels.
The geometry-based topology is a key principle for defining efficient data structure with adjacent relationships stored in databases, which can significantly reduce data storage. The topology or planar topology is a rigorous method for identifying digitizing errors such as self-intersecting polygons, islands, overshoots and undershoots, and slivers (Corbett 1979 , Theobald 2001 . One typical example is the topologically integrated geographic encoding and referencing (TIGER), which was developed by the US Census Bureau in the 1970s. With the TIGER, adjacent geometric elements, such as points, lines and polygons, are clearly defined and stored in the data structure. For example, two polygons can have one of eight possible relationships: Disjoint, contains, inside, equal, meet, covers, covered by, and overlap (Egenhofer and Herring 1990) . Another use of topology in the GIS literature is with cartograms, in which geometric aspects such as distances and areas are dramatically distorted, but the underlying topological relationships are retained. The most well-known example of cartograms is the London Underground map, devised in 1933 by Harry Beck. Both topological data structures and cartograms still retain some geometry. In the London Underground map, the geographic locations of stations are still relatively correct, although the distances between stations are distorted. With both topological data structures and cartograms, one, however, cannot see the underlying scaling of far more small things than large ones; see Jiang, Zhao and Yin (2008) for details. This makes our use of topology unique, because the topology enables us to see the underlying scaling property or hierarchy.
We put forward a topological representation that takes cities as a coherent whole and enables us to see their underlying scaling hierarchy. This representation makes it possible for a configurational analysis based on the concept of wholeness (Alexander 2002 -2005 , Jiang 2015b ). See Section 2 for an introduction to wholeness and its 15 fundamental properties. Based on the configurational analysis, we can see clearly that individual cities are differentiated from and adapt to each other to form a coherent whole. With the topological representation, we can compute the degrees of wholeness or beauty of individual cities for better understanding cities' structure. We develop some useful visualization methods (c.f., Section 4 for case studies) to illustrate the underlying scaling of cities in terms of their sizes and their degrees of wholeness. We further demonstrate the properties of differentiation and adaptation of cities, and provide eventually analytical evidence for and insights into the structure-preserving or wholeness-extending transformations (Alexander et al. 1987 , Alexander 2002 -2005 as the fundamental urban design principles.
Section 2 introduces the concept of wholeness or living structure, and its 15 geometric properties. Using 100 city sizes that strictly follow Zipf's law (1949) , Section 3 illustrates the topological representation for viewing cities as a whole. To further demonstrate how the topological representation adds new insights into the cities' structure, Section 4 reports two major properties of differentiation and adaptation from case studies by applying the representation to China and UK natural cities. Section 5 further discusses the implications of the topological representation and wholeness for planning cities with a living structure. Finally Section 6 draws a conclusion and points out to future work.
Wholeness or living structure, and its 15 fundamental properties
Wholeness is defined as the structure that exists in space by all various coherent entities (called centers) and how these centers are nested in, and overlap with, each other (Alexander 2002 (Alexander -2005 . Thus wholeness is a phenomenon that is inherent to space or matter, rather than just what is perceived as the gestalt (Köhler 1947 Alexander (2002 Alexander ( -2005 , is a typical example of local symmetries.
The property of deep interlock and ambiguity is clearly missing in the carpet, but it appears in many real carpets. The black and white contrast is obvious in the carpet. The property of gradient is less obvious with the carpet. Roughness is completely missing in the carpet because of the exactness of the shapes and scaling ratio. The property of echoes, in which the parts echo the whole, is shown in the carpet. The largest square is the void. Each of the eight middle-sized squares is surrounded by eight smallest squares, forming a kind of simplicity and inner calm, just as the eight middle-sized squares. None of the squares are separated from each other, but form a scaling hierarchy, which underlies the complex network as a whole (Figure 1b ). With the complex network, there are two kinds of links: those among the same scales that are undirected or mutually directed; and those across two consecutive scales that are directed from smaller to larger ones. The property of not-separateness, or the 15 properties in general, advocate for a new worldview in which we see things in their wholeness, which underlies the topological representation we put forward in this paper. This new worldview differs fundamentally from the 20 th -century mechanistic worldview. Wholeness evokes a sense of beauty that we can experience, life comes from wholeness, and eventually order emerges from wholeness. Wholeness is therefore the source of life, or beauty or order (or good design), which all can be interchangeably used. The wholeness that produces life and evokes beauty in buildings and cities is "a direct result of the physical and mathematical structure that occurs in space, something which is clear and definite, and something which can be described and understood" (Alexander 2002 (Alexander -2005 , Book 1, p. 62). The physical and mathematical structure can be described as a hierarchical graph (Jiang 2015b) , which helps address not only why a design is beautiful, but also how much beauty the design has. Our proposed topological representation aims to characterize the structure for cities as a whole.
The topological representation for taking things as a whole
The topological representation takes cities as a whole. To illustrate the representation, we create 100 cities that exactly follow Zipf's law (1949): 1, 1/2, 1/3, ... , and 1/100. The 100 cities are given some random locations in a two-dimensional space ( Figure 2a ). According to their sizes, the cities are put into different hierarchical levels based on head/tail breaks -a classification scheme and visualization tool for data with a heavy-tailed distribution (Jiang 2013 , Jiang 2015a . The locations of the cities at the different hierarchical levels are respectively used to create Thiessen polygons ( Figure 2b ). Based on the polygon-polygon relationships, we set up a complex network, in which small polygons point to large ones at a same level, and contained polygons point to containing polygons across two consecutive levels ( Figure 2c ). With this complex network, we can compute the degrees of wholeness for individual cities (Jiang 2015b) , which are represented by the dot sizes ( Figure 2c ). Unlike the city sizes, the degrees of wholeness are well adapted to their surroundings. It is clear that the cities statistically demonstrate the scaling property of far more small cities than large ones, since they follow Zipf's law (1949) . However, they are not correctly arranged geometrically or according to central place theory (Christaller 1933 (Christaller , 1966 , since the cities are given some random locations. Nevertheless, given this spatial configuration and according to the theory of centers (Alexander 2002 (Alexander -2005 , individual cities obtain strength or wholeness from others as a whole. The computed degrees of wholeness or beauty are still put at the three hierarchical levels ( Figure 2c ).
There are essentially two types of beauty or harmony shown in the pattern of Figure 2c : One type among nearby things that are well adapted to each other with more or less similar sizes; and the other type across all scales that are differentiated from each other with far more small sizes than large ones. Comparing the initial city sizes and degrees of wholeness, we notice that some cities move up or down in the hierarchical levels, while some remain unchanged. Observing carefully, those cities that remain unchanged or move up have good support from others as a whole, while those that move down have less support. From this observation, we can understand that the degrees of wholeness are essentially exogenous, rather than endogenous. In other words, cities move up or down hierarchal levels b these cit shrinkin whereas and dyn isolated, wholene These c adaptatio of whole (2) (Jiang 2013) . There is little doubt that those largest or most beautiful nodes (representing cities or hotspots) in the inner circles of Figures 5 and 7 constitute the image of the country and city.
We can add a few remarks on the living structure to this point. First, the point pattern in Figure 2c is more whole than that in Figure 2a or 2b. This is because the degrees of wholeness under the influence of spatial configuration are more adapted to each other than to the cities' sizes. Second, with respect to Figures 5 and 7 , the foregrounds are hierarchal trees, while the foregrounds and backgrounds together constitute complex networks (Jiang 2015c) . In other words, cities are near decomposable in terms of Simon (1962) , or cities are not trees but semi-lattices (Alexander 1965) . Third, the results from the case studies point to the two properties of differentiation and adaptation at both country and city levels. According to Alexander (2002 Alexander ( -2005 , differentiation and adaptation, or the living structure in general, appears at all scales ranging from the Planck length (10 -43 m) to the scale of the universe itself (10 27 m), virtually from the infinitely small to the infinitely large. Based on these analytical insights, we further discuss and elaborate the implications of the topological representation and analysis.
Discussions on the topological representation and analysis
The topological representation is rooted in the living structure (Alexander 2002 (Alexander -2005 , in the central place theory (Christaller 1933 (Christaller , 1966 , and in fractal geometry (Mandelbrot 1982) , as well as in the new definition of fractal: a set or pattern is fractal if the scaling of far more small things than large ones recurs multiple times or with ht-index being at least three (Jiang and Yin 2014) . All these theories have one common thing in which they differ from Euclidean geometry, which essentially deals with regular or simple shapes. The geometry dealing with the living structure is referred to as living geometry, which "follows the rules, constraints, and contingent conditions that are, inevitably, encountered in the real world" (Alexander et al. 2012, p. 395) . Beyond fractal geometry, living geometry aims not only for understanding things, but also for making things. Unfortunately, modernist urban planning and design is very much (mis-)guided by Euclidean geometric thinking (Mehaffy and Salingaros 2006) . As a devastated result, modern architecture and city planning (Corbusier 1989 ) inevitably lead to dead or lifeless buildings and cities. Their design or structure lacks differentiation and adaptation, and is therefore not living structure. To create sustainable built environments, we therefore must abandon the Euclidean geometric thinking. What we want to abandon is the Euclidean geometric thinking rather than Euclidean geometry. Euclidean geometry is essential for fractal geometry, because one must first measure things in order to see far more small things than large ones. In this connection, Jiang and Brandt (2016) provide detailed arguments as to why the Euclidean geometric thinking is limited in understanding complex geographic forms and processes.
The analytical evidence and insights about the living structure developed in the present paper add further implications on the wholeness-oriented design. Any design or planning should respect the wholeness, and retain it and further extend it. This is the design philosophy Alexander (2002 Alexander ( -2005 advocated through his theory of centers, in order to effectively create living structures in buildings, cities, and artifacts. This wholeness-oriented design philosophy applies not only to cities and buildings, but also to any artifacts in pursuing the living structure or beauty. Any design or structure must include many substructures across many scales that are differentiated from each other to form a scaling hierarchy. On the one hand, there is adaptation across all scales by a constant scaling ratio of approximately 2 or 3, also called scaling coherence (Salingaros 2005) . On the other hand, the substructures must adapt to each other at same or similar scales. This design philosophy is in line with complexity theory, which states that cities emerged either autonomously or in some self-organized manners (e.g., Portugali 2000) . The wholeness-oriented design reflects what humans, across different countries and cultures, did in the past centuries before the 1920s in creating buildings, cities, and artifacts. The two properties of differentiation and adaptation help us not only correctly conceive of, but also beautifully create architecture. If we differentiate a space in a way that treats it as a coherent whole, it would lead to a living structure for the space and even beyond towards a larger space. Practically speaking, wholeness-oriented design must be guided by the 15 properties discussed in Section 2. In this regard, many practical ways of creating living structure that are guided by scientific principles, rather than artistic standards, have been thoroughly discussed (e.g., Salingaros 2013, Mehaffy and Salingaros 2015) .
The topological representation or the analysis in general helps us clearly understand some misperceptions in modern urban planning and design. First, order comes only from regular shapes or grids, governed by geometrical fundamentalism (Mehaffy and Salingaros 2006) . In fact, what looks chaotic or disorderly on the surface could hold hidden or deep order. This hidden order is characterized by the scaling law of far more small things than large ones. This order recurs across all scales, ranging from the smallest to the largest. Second, order comes from a tree structure. This is a deadly misperception (Alexander 1965) . As demonstrated in the above case studies and elsewhere (Jiang 2015c ), a city is not a tree, but a complex network. In other words, a complex network is no less orderly than a tree. Different from a tree, parts in a complex network often overlap, nest, and interact each other. However, both complex networks and trees share the same scaling hierarchy of far more small things than large ones. The third misperception is that symmetry is always global. In fact, many living structures are full of local symmetries, yet lack global symmetry. For example, neither the Alhambra plan nor the Nolli map is globally symmetric. The global shape must adapt to both natural and built environments, and numerous local symmetries can enhance degrees of wholeness or order (Alexander 2002 (Alexander -2005 . Fourth, cities are less orderly than the Sierpinski carpet; similarly, coastlines are less orderly than Koch curves. In fact, both cities and the Sierpinski carpet, or coastlines and Koch curves, share the same scaling or fractal or living or beautiful order: the former being statistical (Mandelbrot 1982) , and the latter being rigid. To summarize and to paraphrase Alexander (2002 Alexander ( -2005 , the order in nature -natural systems, is essentially the same as that in what we build or make -buildings, cities or artifacts.
The two properties of differentiation and adaptation are governed by two fundamental laws: Scaling law and Tobler's law. Scaling law refers to some heavy tailed distributions for many natural and societal phenomena. It can be simply phrased as far more small things than large ones; or numerous smallest things, a few largest things, and some in between the smallest and the largest. The existing geometry-based representations cannot well address this scaling property of geographic features. Instead, the topological representation developed in this paper provides a useful instrument for seeing the scaling property. Tobler's law, or Tobler's first law of geography, refers to the effect of spatial autocorrelation or dependence, widely studied in the geography literature. Tobler's law states that "everything is related to everything else, but near things are more related than distant things" (Tobler 1970, p. 236) . Current spatial analysis and spatial statistics in particular concentrates too much on the effect of spatial dependence, yet little on scaling law. Scaling law and Tobler's law complement each other for describing the Earth's surface: the former across all scales being global, while the latter on a single scale being local; the former on heterogeneity, while the latter on homogeneity; the former characterized by power law statistics and fractal geometry, as well as living geometry, while the latter by Gaussian statistics and Euclidean geometry. These two laws are fundamental not only to geographical phenomena, but also to any other living structure that recurs between the Planck length and the size of the universe itself.
Conclusion
Cities are not isolated, but are coherent entities within an interconnected whole. This situation is the same for a single city that consists of many coherent hotspots. This paper developed a topological representation that takes cities as a whole or hotspots as a whole to uncover their underlying scaling hierarchy, and to further understand the city as a problem in organized complexity (Jacobs 1961) . We adopted a recursive definition of geographic space, under which a country acts as a coherent whole, as does any individual city. This paper provided analytical insights to advocate for wholeness-oriented design, particularly the differentiation and adaptation principles. To a great extent, this study provided scientific evidence for the claim that the order in nature is essentially the same as that in what we build or make (Alexander 2002 (Alexander -2005 . The kind of topological representation and analysis can also be applied to modern architecture and urban design to objectively judge whether or not certain buildings and cities are stiff and lifeless in terms of the underlying structure. This is in line with what Alexander (2002 Alexander ( -2005 claimed that the goodness of built environments is not a matter of opinion, but a matter of fact. This paper clarified some misperceptions in urban design. The order or structure illustrated through the case studies cannot be characterized by Euclidean geometry or Gaussian statistics. For example, many living structures (except for carpets because of their rectangular shapes), lack global symmetry, but full of local symmetries. A complex network is no less orderly than a tree. To put it in another way, a city is not a tree, but a complex network (Alexander 1965 , Jiang 2015c . Living structures are governed by two laws: Tobler's law at a same scale and scaling law across all scales, or equivalently the two spatial properties of dependence and heterogeneity. We further pointed out two types of coherence or adaptation: across all scales for those being far more small things than large ones, and at a same scale for those being more or less similar. The kind of topological representation can be applied to any works of art. The key issue is to identify the coherent entities or centers, and importantly their nested and overlapping relationships, so that a complex network can be set up for further computing their degrees of beauty or life. Ultimately, this paper provides analytical evidence and insights to support the wholeness-oriented design, particularly the two fundamental design processes of differentiation and adaptation.
